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Abstract. We study the projection tt : — > Bd which sends an affine conjugacy 
class of polynomial / : C — ► C to the holomorphic conjugacy class of the restric- 
tion of / to its basin of infinity. When Bd is equipped with a dynamically natural 
Gromov-Hausdorff topology, the map tt becomes continuous and a homeomorphism 
on the shift locus. Our main result is that all fibers of tt are connected. Conse- 
quently quasiconformal and topological basin-of-infinity conjugacy classes are also 
connected. 



1. Introduction 

Let / : C —>■ C be a complex polynomial of degree d > 2. Iterating / yields a 
dynamical system. The plane then decomposes into the disjoint union of its open, 
connected basin of infinity defined by 

X(f) = {zeC: f n (z) -^ooasn^oo} 

and its complement, the compact filled Julia set K(f). 

Many naturally defined loci in parameter space (such as the connectedness locus, 
external rays, their impressions, and parapuzzles) are defined by constraints on the 
dynamics of / on X(f). Motivated by this, we study the forgetful map sending a 
polynomial / : C — > C to its restriction / : X(f) — > X(f). The basin X(f) is 
equipped with a dynamically natural translation surface structure. In this work and 
its sequels |DP11 IDP2j we exploit this Euclidean perspective to analyze the global 
structure of moduli spaces of complex polynomials. 

1.1. Connected fibers. The moduli space M.^ of complex affine conjugacy classes 
of degree d polynomials inherits a natural topology from the coefficients of represen- 
tatives /. Let Ed denote the set of conformal conjugacy classes of maps / : X(f) — > 
X(f), and let 7r : M. d — > Bd be the map sending a polynomial / to its restriction 
f\X(f). For each / e M. d , the basin of infinity X(f) is equipped with a canonical 
harmonic Green's function Gf and hence a flat conformal metric \dGj\ with isolated 
singularities. We endow the space B d with the Gromov-Hausdorff topology on the 
metric spaces (X(f), 2 \dGf\) equipped with the self-map / : X(f) — > X(f); see 
HJ With respect to this topology, the space Bd becomes a locally compact Hausdorff 
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Figure 1.1. For d = 2, the moduli space A4 2 is isomorphic to the com- 
plex plane, as each conjugacy class is uniquely respresented by poly- 
nomial f(z) = z 2 + c for c G C. The connectedness locus C 2 is the 
much-studied Mandelbrot set. The projection 7r : M. 2 — > B2 collapses 
the Mandelbrot set to a point and is one-to-one elsewhere. 

metrizable topological space. The shift locus Sj, consisting of polynomials / for which 
all d — 1 critical points lie in X(f), forms a dense open subset of the space of basins 
B d . 

Recall that a continuous map between topological spaces is monotone if it has 
connected fibers. Our main result is 



Theorem 1.1. The projection 

7T : M d 

is continuous, proper, and monotone. Furthermore, it is a homeomorphism on the 
shift locus and, more generally, on the Cantor locus. 



The key part of Theorem 1.1 is the connectedness of fibers, which is already well 
known in certain important cases. The fiber over (z d , C \ D) is precisely the connect- 
edness locus Cd, the set of maps / with connected filled Julia set K(f). The set 
is known to be cell-like (see |DH] for a proof in degree 2, |BHlj for degree 3, and 
|Laj for general degrees), thus connected. Our theorem gives an alternate proof of its 
connectedness. The other extreme is also well known: for a polynomial in the shift 
locus, the basin X(f) is a rigid Riemann surface, so such a polynomial is uniquely 
determined by its basin dynamics. We exploit this rigidity in the proof of Theorem 
1.1 In the course of the proof we show that the shift locus is connected (Corollary 
5.3), a fact which we could not find explicitly stated elsewhere. 



1.2. Topological conjugacy. It was observed in |McS| §8] that any two polynomials 
f,g which are topologically conjugate on their basins of infinity are in fact quasicon- 
formally conjugate there. It follows that there is an (analytic) path of polynomials 
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#4)0 < t < 1 such that (i) g = g, (ii) g t is quasiconformally conjugate on X(g t ) to 
g on X(g) for all < t < 1, and (hi) pi is conformally conjugate on X(gi) to / on 
X(f), i.e. 7r(pi) = 7r(/). Since the fiber of tc containing / is connected, we obtain the 
following corollary to Theorem 1.1 



Corollary 1.2. Topological or quasiconformal conjugacy classes of basins (f,X(f)) 
are connected in Aid- 

1.3. Local models and sketch of proof. By recording the data of the holomorphic 
1-form dG on a basin of infinity, the space Bd becomes a space of abelian differentials 
(or translation structures) of a special type. We examine this structure in pieces 
we call local models: branched covers between translation surfaces which model the 
restriction of / to certain subsets of X(f). See §13} 



The idea of the proof of monotonicity in Theorem 1.1 is the following. For each 
/, the Green's function Gf : X(f) — > (0, oo) is a harmonic and satisfies Gf(f(z)) = 
d ■ G f (z). For t > 0, let X(f,t) = {z : G f > t}. Then / maps X(f,t) into itself, 
and we may consider the restriction f\X(f,t) up to conformal conjugacy. For each 
/ G Aid and t > 0, we define 

B(f,t) = {g e Aid ■ (g,X(g,t)) is conformally conjugate to (f,X(f,t))}. 

Clearly B(f,t{) C S(/,t 2 ) if £i < h, and the fiber of tt containing / is the nested 
intersection f\ t>0 B(f,t). We shall show that B(f,t) is connected for all (suitably 
generic) t. 

The intersection of B(f,t) with the shift locus contains a distinguished subset 
S(f, t) consisting of maps g whose critical points all have height at least t. We deduce 
the connectedness of B(f, t) from that of S(f, t), and we show S(f, t) is connected by 
proving that it is a finite quotient of a product of finitely many connected spaces of 
local models. Because polynomials in the shift locus have rigid basins of infinity, the 
abstract local model structure for the basins determines the structure of the subset 
S(f,t) in Aid. 

In fact, the proof of monotonicity of ir begins like the known proof of connected- 
ness of the connectedness locus Cd- When / has connected Julia set, the set B(f,t) 
coincides with 



B(t) = {g G Aid '■ G g (c) < t for all critical points c of g} 

for every t > 0. It follows from |BHlj and |Laj that B(t) is topologically a closed 
ball, and its boundary S(t) = {g : max c G 9 (c) = t} is a topological sphere. The 
connectedness locus is the nested intersection Cd = f) t B(t), showing that Cd is cell- 
like. By contrast, for general /, the structure of B(f, t) depends on / and can change 
as t decreases. 
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1.4. Remarks. Intuitively, one might expect that the fibers of 7r : Add — > Bd are 
homeomorphic to products of connectedness loci Cd i of degrees di < d, each of which is 
connected. That is, the affine conjugacy class of a polynomial / should be determined 
by the conformal conjugacy class of its restriction (f,X(f)) together with a finite 
amount of "end-data" : the restriction of / to non-trivial periodic components of the 
filled Julia set K(f). It is easily seen to hold in degree 2, and it follows in degree 3 
by the results of Branner and Hubbard in [BHlJ, [BH2], where every fiber of 7r in AA3 
is either a point, a copy of the Mandelbrot set C 2 , or the full connectedness locus C3. 
However, discontinuity of straightening should imply that this intuitive expectation 
fails in higher degrees; see [InJ . 



The set S(f, t) introduced in £1.3 has been studied by other authors in the special 
case when all critical points of / have height < t. In this case, the set S(f, t) is a 
set Q(t) independent of /; it is the collection of polynomials in Aid where all critical 
points escape at the same rate t. Further, the set Q(t) is homeomorphic to a finite 
quotient of the compact, connected space of degree d critical orbit portraits |Kij . The 
set Q(t) is equipped with a natural measure \i inherited from the external angles of 
critical points. The Branner-Hubbard stretching operation deforms a polynomial in 
the escape locus along a path accumulating on the connectedness locus. For //-almost 
every point of G{t), this path has a limit, and the measure /t pushes forward to the 
natural bifurcation measure supported in the boundary of the connectedness locus 

As described above, we use spaces of local models to describe the structure of our 
sets S(f,t). In a sequel to this article, we give alternative descriptions of spaces 
of local models in terms of branched coverings of laminations. In this way, spaces of 
local models may be viewed as a generalization of the space of critical portraits. Using 
this extra combinatorial structure, we address in |DP2] the classification, presently 
unknown, of the countable set of globally structurally stable conjugacy classes in the 
shift locus. 

Outline. In section 2 we summarize background from polynomial dynamics. In 
section 3 we develop the theory of local models. In section 4 we define the Gromov- 
Hausdorff topology on Bd and prove that the projection n is continuous and a home- 
omorphism on the shift locus. In section 5, the connectedness of S(f,t) is proved, 



and then applied to complete the proof of Theorem 1.1 
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2. Spaces of polynomials 

In this section we introduce the moduli spaces Aid and give some background on 
polynomial dynamics. 

2.1. Polynomial dynamics. Let / be a complex polynomial of degree d > 2. The 
filled Julia set 

K(f) = {z : the sequence f n (z) is bounded} 

is compact, and its complement X(f) = C \ K(f) is open and connected. For 
t G [0, oo) define log + (t) = max{0,logt}. The function 

G f : C -f [0, oo) 

given by 




measures the rate at which the point z escapes to infinity under iteration of /. It 
vanishes exactly on K(f), is harmonic on X(f), and on all of C it is continuous, 
subharmonic, and satisfies the functional equation Gf(f(z)) = d-Gf(z) (see e.g. |Mi] ) . 

2.2. Monic and centered polynomials. Every polynomial 

f(z) = a d z d + a d -iz d ~ l + • • • + oo, 

with a, 6 C and ad ^ 0, is conjugate by an affine transformation A(z) = az + b 
to a polynomial which is monic (a<j = 1) and centered (0,4-1 = 0). The monic and 
centered representative is not unique, as the space of such polynomials is invariant 
under conjugation by A(z) = (z where = 1. In this way, we obtain a finite 
branched covering 

Vd^M d 

from the space Vd — C d_1 of monic and centered polynomials to the moduli space 
Aid of conformal conjugacy classes of polynomials. Thus, Aid has the structure of 
a complex orbifold of dimension d — 1. It is sometimes convenient to work in a 
space with marked critical points. Let Ji C <C d ^ 1 denote the hyperplane given by 
{(ci, . . . , c d -i) : Ci + . . . + c d -i = 0}. Then the map 

p : U x C - V d 

given by 

(2.1) p(c 1 ,...,c d -i',a)= d ■ TT(C - d( + a 

Jo i=i 

gives a polynomial parameterization of V d by the location of the critical points and 
the image of the origin. Setting = H x C, we refer to as the space of critically 
marked polynomials. 
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The function 

M(/) = max{G f (c) : /'(c) = 0} 

assigning to / G Vd the maximal escape rate of a critical point of / is continuous, 
proper, and invariant under affine conjugation |BHll Prop. 3.6]. 

2.3. External rays and angles. Fix a monic and centered polynomial / of degree 
d > 1. Near infinity, there is a conformal change of coordinates which conjugates 
/ to z i — z . The local conjugating isomorphism is unique up to multiplication by 
a (d — l)st root of unity and is therefore uniquely determined if required to have 
derivative 1 at infinity (see e.g. |BH1] ). It extends to an isomorphism 

ifi f : {G f > M(f)} -> {z G C : \z\ > e M ^} 

called the Bottcher map, satisfying Gf = log | y / 1 - For each fixed 9 G IR/27rZ, the 
preimage under cpf of the ray {re ld : r > e M ^'} is called the external ray of angle 
9 for /. There are exactly d — 1 /ixed external rays mapped to themselves under /; 
their arguments are asymptotic to 2irk/(d — 1) near infinity for k — 0, . . . , d — 2. 

On {\z\ > e M W}, for each angle 9, the external ray of angle 9 coincides with a 
gradient flow line of Gf. This ray can be extended uniquely to all radii r > 1 provided 
that when flowing downward, the trajectory does not meet any of the critical points 
of Gf, i.e. critical points of / or any of their iterated inverse images. It follows that 
for all but countably many 9, the external ray of angle 9 admits such an extension, 
i.e. is nonsingular. We see then that the external rays of / define a singular vertical 
foliation on X(f) which is orthogonal to the singular horizontal foliation defined 
by the level sets of Gf. These foliations coincide with the vertical and horizontal 
foliations associated to the holomorphic 1-form 

uof = 2i dGf 

on X(f). We will exploit this point of view further in the next section. 

We emphasize that, by definition, Aid is a quotient of Vd by the cyclic group of 
order d — 1 acting by conjugation via rotations of the plane centered at the origin. 
Therefore, given an element of Aid, it defines a conjugacy class of a dynamical system 
on a Riemann surface isomorphic to the plane, and it defines an identification of this 
surface with the plane, up to this rotational ambiguity. Thus, given an element of 
Aid, together with a choice of fixed external ray, there is a unique such identification 
sending this chosen fixed external ray to the external ray whose asymptotic argument 
is zero. 

2.4. Critical values. The following two lemmas have nothing to do with dynamics 
and will be used in the proof of the connectedness and compactness of the space of 



local models (£3.8). The proof of Lemma 2.1 is a non-dynamical version of the proof 



in |BH1] showing properness of / i— > M(f). 
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Lemma 2.1. Let v : V% —>■ <C d 1 be the map sending a critically marked polynomial 



d 

to its ordered list of critical values and v : — > C d_1 / 'Sa-i — C^ 1 the map sending a 
polynomial to its unordered set of critical values. Then v and v are proper. Moreover, 
v is a polynomial map. 



Proof. Equation (2.1) shows the map v is polynomial. Fix R > 0. Suppose f(z) 



z d + a d _ 2 z d ~ 2 + . . . + aiz + a belongs to V£ and the critical values of / lie in 
D R . There is a unique univalent analytic map ipf '■ C \ D R i/ d — > C tangent to the 
identity at infinity and satisfying / o ipf(w) = w d . By standard results from the 
theory of univalent functions, i[)f(C\ D R i/ d ) D C \ D 2R i/ d , so the critical points of / 
are contained in D 2R i/d. It follows that the coefficients arf_ 2 , . . . , ai are bounded in 
modulus by a constant Ci(R). Since in addition / is assumed monic, the map / is 
Lipschitz on D 2R i/d with constant C 2 (R), so the image f(D 2R i/ d ) has diameter less 
than a constant Cs(R). Since the critical values of / lie in D R , the image f(D 2R i/d) 
meets D R , and so |ao| = |/(0)| is bounded by a constant C±{R) as well. Hence v and 
v are proper. □ 

Lemma 2.2. Let C be any compact and path- connected subset of C The subset of 
Vd with all critical values in C is compact and path-connected. 



Proof. Consider the diagram 



v d — * c d - 1 / ~ 

The right-hand vertical map is proper, and Lemma [2Tl] implies the horizontal maps are 
proper, so the compactness conclusion holds. In addition, v is a polynomial map, so 
it has the property that any path in the range can be lifted (not necessarily uniquely) 
to a path in the domain; see [GRJ. 

Fix now v G C. There is a unique monic and centered polynomial with a single 
critical value at v of multiplicity d — 1. It is fi(z) = z d + v. For any other / with 
all critical values in C, we can construct a path to f\. Let (%,..., v^-i) G C ' -1 be 
a labelling of the critical values of / (listed with multiplicity). Choose a continuous 
deformation of these points Vi(t) G C for t G [0, 1] so that 

(i) Vi(0) = Vi for all i, 

(ii) Vi(l) = v for all i. 

The motion of labelled critical values can be first lifted under v and then projected 
under p to obtain a path from / to f\ for which the corresponding maps all have 
critical values lying in C. Hence this set of polynomials is path-connected. □ 
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3. Local models 

3.1. Translation surfaces. Let X be a Riemann surface, possibly with boundary, 
and uj a holomorphic 1-form on X. Away from the zeros of uj, the collection of locally 
defined functions of the form if)(z) = f* uj provide a compatible atlas of charts into 
C. The ambiguity in the definition of these charts is a complex translation. It follows 
that away from the zeroes of uj, the norm |u;| defines a flat Riemannian metric, and 
this metric extends to a length metric on X with conical singularities at the zeros 
of uj. Conversely, given an atlas {(U,ipu)} on a Riemann surface where the overlap 
maps between charts differ by translations, the 1-form wonX defined by uj = tpu(dz) 
is globally well-defined. We call such a pair (X, uj) a translation surface. 

A translation surface has natural horizontal and vertical foliations given by the 
inverse images of horizontal and vertical lines under the above defined local charts. 
These foliations have singularities at the zeros of uj. 



3.2. Horizontal and local model surfaces. A horizontal translation surface is 
a translation surface (X, uj) for which the overlap maps between charts are transla- 
tions of the form z i— > z + c, c G K. On such a surface, there is a globally defined 
harmonic height function Gx '■ X — > R, well-defined up to an additive constant, 
given by Gx(x) = f x Imu. The leaves of the horizontal foliation are then connected 
components of level sets of the height function. 

In our applications, we will only encounter horizontal translation surfaces with 
additional properties. We single them out as follows. A model surface is a horizontal 
translation surface (X, a;) with the following properties: 

• X is planar (genus 0); 

• the level sets of the height function Gx are compact and have constant length 
I{G x =c} M = 27r for every c in the range of Gx', 

• for all sufficiently large height values c, the level set {Gx = c} is connected. 

Two model surfaces (X,uj), (Y,rj) are isomorphic if there is a conformal isomorphism 
/ : X -> Y such that uj = f*(rj). 

A local model surface is a model surface X with at most one singular horizontal 
leaf. We also require that such a surface be equipped with a distinguished horizontal 
leaf Lx, called its central leaf which is either the unique singular leaf, if it exists, or 
else is some specified nonsingular leaf. The outer annulus of a local model surface is 
the annulus formed by points whose heights are greater than that of the central leaf. 

Two local model surfaces (X, uj) and {Y, rj) are isomorphic if there exists a conformal 
isomorphism / : X — > Y satisfying uj = f*rj and f(Lx) = Ly. Note in particular 
that an isomorphism preserves outer annuli. If both X and Y have singular central 
leaves, then the condition uj = f*rj implies that / preserves central leaves. 
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3.3. Example: local model surfaces without singular leaves. A local model 
surface without singular leaves is isomorphic to the punctured disk {0 < \z\ < 1}, the 
punctured plane C \ {0}, or an annulus {r < \z\ < R}, with the 1-form u = idz/z. 
In the case of the punctured plane, any choice of central leaf is equivalent to any 
other, while in the cases of the annulus or punctured disk, the (finite) modulus of the 
outer annulus is an invariant of equivalence of the local model surface. The metric 

makes the surface isometric to a Euclidean cylinder with circumference 2n. 

3.4. Example: polynomial pull-back. Let / be a polynomial of degree k > 1 such 
that all critical values lie in S 1 U {0}. Let X = / _1 (C \ {0}) and oj = i k' 1 f*(dz/ z). 
Then {X,u) is a local model surface with central leaf L x = f' 1 ^ 1 ). Writing 

f(z) = a]]{z-q j ) m * 1 

j 

we see that 

u = ik- 1 d(]ogf(z)) = ^Y t J Z- dz - 

j J 

In particular, uj is a meromorphic 1-form with only simple poles; it has residue irrij/k 
at each finite pole qj G C; note J2j m j/kj = 1- The central leaf Lx is singular if and 
only if / has a nonzero critical value. 

3.5. Uniformizing local model surfaces. Fix a local model surface (X,u) and a 
point xq € X lying on a nonsingular vertical leaf. Delete the vertical leaf through 
xo, as well as the portion of any singular vertical leaves at height below or equal to 
that of the central leaf. The result is a simply-connected domain W. Taking suitable 
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paths in W along which to integrate, the map ip(x) = f* o uj defines an isomorphism 
from W onto a slit rectangle 

R = {9 + ih : < 9 < 2tt, a < h< b} - E 

where £ is a finite collection of vertical segments 

£ = IJW x {a < /i < c}; 

here c is the corresponding height of the central leaf. It follows that every local model 
surface is a quotient of a such a slit rectangle R, where the quotient maps identify 
the left side of a slit with real part 9^ with the right side of slit with real part a rk) 
for some permutation a on the set of slits. In these coordinates, the one-form uj is 
given by dz. The metric \uj\ is simply the flat Euclidean metric on R. 

Remark: The identification of vertical edges in R must satisfy some obvious planarity 
conditions which will be treated in more detail in a sequel to this paper. 

The following alternative point of view is more immediately useful. 

Lemma 3.1. Every local model surface (X,uj) embeds uniquely into a maximal local 
model surface whose underlying Riemann surface is isomorphic to a finitely punctured 
plane. By uniformization, this extension can be represented by 

C \ {q 1 , q n }, % V — ^— dz I 
i z ~% J 

for some finite set {qi, . . . ,q n } in C and real numbers rj > such that X] r i = 1- 
Such a representation is unique up to an affine transformation A e AutC. 

Proof. Glue half-infinite cylinders to each boundary component using isometries to 
obtain a new Riemann surface X. The height function and 1-form extend uniquely to 
X. Moduli estimates show that the ends of X are isomorphic to punctured disks. The 
complex structure extends over the punctures to yield a compact Riemann surface 
X. Since X is assumed planar, X is homeomorphic to the sphere, hence by the 
Uniformization Theorem is isomorphic to the C via an isomorphism carrying the 
unique end containing points with unbounded and positive height to the point at 
infinity. Transporting the defining 1-form uj to C via this isomorphism, infinity is a 
simple pole, and the remaining finite poles qj are also simple with purely imaginary 
residues irj, Tj > 0. Since in the definition of model surface the sum of the lengths 
of the leaves at a given height is required to be 2n, we have that the rj sum to 1. □ 
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3.6. External angles. Suppose 
e : (A, uj) —>■ C as in Lemma 



3.1 



[X, u) is a local model surface, and fix an embedding 
Near the end of X corresponding to the point at 
infinity, each vertical leaf is nonsingular. For z large we have, since Ylj r j = 1> that 

dz 

e^u)=i(l + 0{z- 1 ))—. 

Hence each vertical leaf has a limiting asymptotic argument, 9 G M/27rZ, at infinity. 
Thus, once the embedding e has been chosen, one may speak meaningfully of the 
external ray of angle 9 of a model surface (X, u). These angles coincide with the 



^-coordinate of a suitable rectangular represenation R as in £3.5 
3.7. Local model maps. A branched cover of translation surfaces 

/:(y,7j)->(A» 
is a holomorphic branched cover / : Y — > X such that 

V = j^-f /*<*>. 
deg/ 

A /oca/ model map^ is a branched cover of local model surfaces 

/:(Y,»7)-(JK» 

such that / maps the central leaf Ly of Y to the central leaf Lx of X. It follows that 
any critical values of / must lie in Lx and that the outer annulus of Y is mapped 
by a degree deg / covering map onto the outer annulus of X. Dividing by the degree 
ensures that with respect to the natural local Euclidean coordinates determined by r\ 
and u, away from singular points the map / takes the form w = (deg f)z + c where 
c is a constant. 

Two local models / : (Y, rj) — > (A, u) and g : (Z, a) — > (A, to) over the same base 
(A, u) are equivalent if there exists an isomorphism of local model surfaces i such that 

(Y,v)- — -^(Z,a) 



(X,LU 



commutes. In what follows, we think of local models as covering spaces, not as 
dynamical systems. 

The proof of the following lemma is a straightforward application of the ideas in 





the proof of Lemma 3.1 



Lemma 3.2. Via the extension of Lemma 3A_ applied to both domain and range, 
every local model extends to a polynomial f : C — > C. The extension is unique up to 
ajfine changes of coordinates in domain and range. 



1 Whcn the context is clear, we will use the terms local model and local model map interchangeably. 
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Note in particular that the number of critical values in X of a local model / : 
(Y,rj) — > (X,uj) is at most (cleg/) — 1. 

3.8. Spaces of local models. Fix a local model surface (X, uj) and an extension to 



C, as in Lemma 3.1 By Lemma 3.2, every local model over (X, uj) is the restriction 
of a polynomial; by precomposing with an automorphism of C, we can assume that 
the polynomial is monic and centered. Via this representation, the set of equivalence 
classes of local models over (X, uj) inherits a topology from the space of monic and 
centered polynomials. 

In detail, let LMfc(X, uj) be the set of equivalence classes of local models of degree 
k over (X,uj). Fix an embedding 



e : (X, uj) -> ( C \ {qx, . . . , q n }, i ^ dz 

j Z qj 



as given by Lemma |3.1[ Recall that e is uniquely determined up to postcomposition 
by an affine transformation. Let Lx C C denote the image of the central leaf under 
the embedding e. Let Pk{X, uj) be the collection of monic and centered polynomials 
of degree k with all critical values contained in the set 

L x U {q u . . . , q n }. 

Note that the location of the critical values implies that the preimage p~ l (e(X)) is 
connected for any p in Pk(X, uj). 

Lemma 3.3. Restriction of polynomials defines a bisection 

P k (X,uj)/(( : C" = 1) ^LM fc (X,^) 
where the k-th roots of unity act on polynomials by precomposition: ( ■ p(z) = p{C,z). 

Proof. For each polynomial p in P^(X,uj), its restriction to the connected subset 
p^ 1 (e(X)) defines a local model 

p: (p-\e(X)),^p*u^ 

of degree k. Precomposing p by a rotation of order k produces another element of 
Pk(X, uj) which is clearly an equivalent local model. Surjectivity follows from Lemma 



3.2, and injectivity follows from the uniqueness (up to conformal automorphism) of 



the extension in Lemma [3.21 □ 



The bijection of Lemma 3.3 induces a topology on LM fc (X, uj), as a quotient space of 
the subset Pk(X, u) of Vu- While the set Pk(X, uj) depends on the choice of embedding 
e, the quotient sets LMk(X, uj) are canonically homeomorphic for any two such choices. 
Indeed, suppose e\ and e<i are two embeddings and let Pj. (X, uj) and Pj, (X, uj) be 
the corresponding sets of polynomials. The composition 62 ° ej" 1 extends to an affine 
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automorphism z i— > az + b of C. It follows that p(z) G P^(X, a;) if and only if 
e 2 o e^ 1 opfo" 1 /^) G P k 2 \x, uj) for any choice of root a~ l / k . 

Lemma 3.4. Fix a local model surface (X,oj). The subset hM k 1 (X, uj) C LMfc(X,w), 
consisting of local model maps with all k — 1 critical values in the central leaf of X , 
is compact and path-connected. 

Proof. Let S be the subset of P k (X, uj) consisting of polynomials with all A: — 1 critical 
values in the connected set Lx- By Lemma 2.2[ S is compact and path-connected. By 
Lemma 



3.3 



the subset LMj -1 (X, uj) is homeomorphic to the quotient S/ (( : ( h = 1), 
hence is also compact and path-connected. □ 

3.9. Pointed local model surfaces. Let (X,oj) be a local model surface, and let 
x be a point in the outer annulus of X. A pointed local model surface is a triple 
(X, x,uj). We now consider pointed local model maps 

/ : (Y,y,v) -> (X,x,uj), 

i.e. maps where / : (Y, r/) — > (X,u) is a local model map and f(y) = x. Two 
pointed local model maps /, g with the same image are equivalent if there exists an 
isomorphism i of pointed local model surfaces such that 

(Y, y, r]) 1 ^ (Z, z, a) 





commutes. We let LM k (X,x,u) denote the set of equivalence classes of these pointed 
local models. As in the non-pointed case, the set can be topologized via an identifi- 
cation with monic and centered polynomials. Let Pk{X,u>) be the set of monic and 



centered polynomials defined in ^3.8 Compare the statement of the following lemma 
to that of Lemma 13 .31 



Lemma 3.5. Let (X,x,uj) be a pointed local model surface. The canonical projection 
LMfc(A, x,u) — ► LMfc(JT, u) factors through a bijection b such that the diagram 

LM,(I,x, W ) h >P k (X,u) 

\ 

LM k (X,u) ^— P k (X,u)/(C : = 1) 
commutes, where r is the restriction map of Lemma \3.3[ 
Proof. Fix an embedding 

e : (X, u) -»• \ {qx, . . . , q n }, i ^ ~ ~^ dz 
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so that the marked point x lies on a vertical leaf with external angle 0. For each 
element / : (Y,y,n) — > (X,x,u>) of LMk(X, x, u>), choose an extension of the domain 
so that the marked point y lies on a vertical leaf of external angle 0. This uniquely 
determines an element of Pk(X,u); denote this element by b(f). If two pointed 
local model maps extend to the same polynomial, then they are clearly isomorphic, 
via an isomorphism which preserves the marked points; this proves injectivity of 
b. For surjectivity of b, note that the restriction of any element p G Pk(X,uj) to 
p~ 1 (e(X)) determines an element of LMk(X,x,u) with marked point chosen as the 
unique preimage of x on the external ray of angle 0. Consequently 6 is a bijection. 
The diagram commutes by construction. □ 



The bijection b of Lemma 3.5 induces a topology on the set LMfc(X, x, u), making 



the projection LMfc(X, x, to) — > LMfc(X, to) continuous. The following is then an 



immediate consequence of Lemma 2.2 



Lemma 3.6. Fix a pointed local model surface (X, x, u>) . The subset LM^ _1 (X, x, u) C 
LMfc(Jf, x, u), consisting of pointed local models with all k — 1 critical values in the 
central leaf of X , is compact and path- connected. 

In applications, pointed local models are used to keep track of external angles; a 
point in the outer annulus of X marks a unique vertical leaf in the foliation of uj. 

Remark. We have chosen to define the topology on spaces of local models with 



Lemmas 3.3 and 3.5, via the uniformization by polynomial branched covers of C. 



One can also present a Gromov-Hausdorff topology (as we do for polynomial basins 



of infinity in £4.2), using the rectangular representation from £3.5 In [DP2J, we 
introduce yet another perspective on local models, in terms of branched covers of 
laminations, which gives a third way to view these spaces of local models and their 
topology. The various viewpoints produce equivalent topologies. 



4. Restricting to the basins of infinity 

Recall that £v denotes the space of conformal conjugacy classes of (f,X(f)). Here 
we introduce the Gromov-Hausdorff topology on and begin the analysis of the 
restriction map 

7T : M d -> B d . 

4.1. The metric \u\ on the basin of infinity. Fix a polynomial / of degree d > 2. 
On its basin of infinity X(f), recall that Gf denotes the harmonic escape rate function 
and 

ujf = 2i dGf 

the corresponding holomorphic 1-form, so that \uf\ is the associated singular flat 
metric. In this way, the pair (X(f),Uf) becomes a model surface with height function 
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Gf. Note that the height Gf(z) of any point z E X(f) coincides with its \uj (-distance 
to the lower end of X(f). Recall that 

M(f) = msx{G f (c) : /'(c) = 0} 

denotes the maximal critical height of /. We will write G for Gf and iv for ivf when 
the dependence on / is clear. 

The zeroes of uo coincide with the critical points of / in X(f) and all of their 
preimages by the iterates /". The neighborhood {z : G(z) > M(/)} of infinity is 
isometric to a half-infinite cylinder of radius 1. In fact, if L is any horizontal leaf of 
iv, meaning that L is a connected component of a level set {G = c}, and if the level 
of L is the integer 

(4.1) l(L) = min{n > : d n c > M(f)}, 

then 

h = m 27r - 

Further, if A is a connected component of {a < G < b} which is topologically an 
annulus, then it is isometric to a cylinder of height (b — a) and circumference f L \iv\ 
for any horizontal leaf L in A. 

If L is a (possibly singular) horizontal leaf of iv of level /, and if X is a connected 
component of {a < G < b} containing L and no other singular leaves, then the pair 
(X,(v x ) defines a local model surface, where 

(4 - 2) ^ = ^uw) u ' = m 

with central leaf Lx = L. 

On the basin of infinity, conformal and isometric conjugacies are the same thing. 

Lemma 4.1. Two polynomials f and g are conformally conjugate on their basins of 
infinity if and only if they are isometrically conjugate with respect to the metrics \ujf\ 
and \oJ g \. In particular, the escape rates of the critical points are isometric conjugacy 
invariants. 

Proof. If the polynomials are conformally conjugate, then the conjugacy sends iVf to 
iv g , and therefore their basins are isometrically conjugate. Conversely, the metric 
determines the complex structure, so an isometry must be a conformal isomorphism. 

□ 

4.2. The topology of £> rf . We define here the Gromov-Hausdorff topology on the 
space of triples (f,X(f), \iv\) in Ed- We will see that this topology is fine enough to 
capture the topology of the shift locus in Md, but coarse enough to allow various 
continuity arguments to be fruitfully applied. 
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A basis of open sets U t;£ (f) for this topology is given as follows. For each small 
t > such that M(f) < 1 ft, let 

X t (f) = {ze X(f) : t < G(z) < l/t}. 

Let p/(-,-) denote the distance function on X t (f) induced by the metric |u;|. An 
e-conjugacy between f\X t (f) and g\X t (g) is a relation which is nearly the graph of 
an isometric conjugacy. That is, it is a subset T C X t (f) x X t (g) such that 

(1) nearly surjective: 

(a) for every a G X t (f), there exists a pair (x,y) G T such that pj(a,x) < e, 

(b) for every b G X t (g), there exists a pair (x, y) G V such that p g (b, y) < e, 

(2) nearly isometric: if (x,y) and (x',y') are in T, then 

\pf(x,x') -p g (y,y')\ < e, 

and 

(3) nearly conjugacy: for each (x,y) G T such that (f(x),g(y)) lies in X t (f) x 
X t (g), there exists (x',y') G T such that Pf(x', f(x)) < e and p g (y ; ,g(y)) < e. 

The neighborhood basis element Ut, e {f) consists of all triples (g,X(g), \u\) for which 
there is an e-conjugacy between f\X t (f) and g\X t (g). 

Lemma 4.2. 7r zs continuous, surjective, and proper. 

Proof. Surjectivity holds by definition. If ff. — > f in Aid, then there are polynomial 
representatives which converge uniformly on compact subsets of C, and the escape- 
rate functions Gk converge to G by |BH1[ Proposition 1.2]. For small t > 0, consider 
the compact subset 

Y t (f) = {zeC:t< G f (z) < l/t} 

of the plane. The sets Y t {fk) converge to Y t (f) in the Hausdorff topology on compact 
subsets of C, and the action of fk on Y t (fk) converges to that of / on Y t (f) (with 
respect to the Euclidean metric on C). Moreover, the escape-rate functions Gk and G 
are harmonic on these sets Y t , so uniform convergence implies also the convergence of 
their derivatives. Therefore, the 1-forms u>k on Y t (fk) converge to Uf on Y t (f) and so 
the metrics \ujk\ on Y t {fk) converge to the metric |u;| on Y t (f). More precisely: let Tk 
be the graph of the nearest-point projection from Y t (fk) to Y t (f). For all large enough 
k, the graph T k defines an e-conjugacy between fk\X t (fk) and f\X t (f). Therefore n 
is continuous. Properness of the map it follows from the known fact that / i— ► M(f) 
is proper [B Hlj . □ 

Lemma 4.3. The space Bd equipped with the Gromov-Hausdorff topology is Hausdorff, 
locally compact, second-countable, and metrizable. Moreover, it is homeomorphic to 
the quotient space of Aid obtained by identifying the fibers of 7r to points. 
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Proof. A standard application of the definitions and a diagonalization argument shows 
that Bd is Hausdorff. By definition, the topology is first-countable. By |Da[ Thm. 5, 
p. 16] it follows that the Gromov-Hausdorff and quotient topologies coincide. Local 
compactness follows from continuity and properness of the projection tt. Metrizability 
follows from |Dat Prop. 2, p. 13] and second-countability follows. □ 

4.3. The shift locus and rigid Riemann surfaces. Recall that the shift locus Sd 
is the collection of polynomials in M.^ where all critical points escape to oo. 

A planar Riemann surface X is rigid if a holomorphic embedding X <— > C is unique 
up to the conformal automorphisms of C. Equivalently, the complement of X in C 
has absolute area zero; that is, the spherical area of C \ X is under any embedding. 
Further, an absolute area zero subset of the plane is removable for locally bounded 
holomorphic functions with finite Dirichlet integral |ASj . In particular, if the com- 
plement of X C C has absolute area zero, then any proper holomorphic degree d 
self-map X — > X extends uniquely to a degree d rational function C — ► C. In [Mc, 
§2.8], McMullen showed that an open subset XcCis rigid if it satisfies the infinite- 
modulus condition: for each fiGN, there is a finite union of disjoint unnested annuli 
E n C X, contained in the bounded components of C\E n -x, such that for each nested 
sequence of connected components {A n C E n } n , we have ^ n modA„ = oo, and the 
nested intersection of the bounded components of C \ E n is precisely C\X. 

In the case of the shift locus, the following lemma and its proof were known (see 
e.g. |BH2j . [BDK] . |Brj . |Mcj ). though never stated in quite this way. The proof 
in the more general case of the Cantor locus uses different methods, so we keep the 
statements and proofs separate. 

Lemma 4.4. The projection it is a homeomorphism on the shift locus Sd and, more 
generally, on the Cantor locus. 

Proof. When / is in the shift locus, it is easy to see that the basin X(f) satisfies 
the infinite-modulus condition. Consider an annulus A = {a < G(z) < b} with 
M(f) < a < b < dM(f) and disjoint from the critical orbits. Since / is in the shift 
locus, the iterated preimages of this annulus map with uniformly bounded degree 
onto A. Hence each such preimage has modulus at least m > 0. It follows that 
there is a unique embedding of X(f) into C, up to an affine transformation, sending 
infinity to infinity. Furthermore, the complement C \ X(f) is removable for /, so 
/ : X(f) — > X(f) extends uniquely to a rational map / : C — > C which is totally 
ramified at infinity. In other words, up to affine conjugacy, we can reconstruct the 
polynomial / : C — > C from its restriction / : X(f) — > X(f). 

This is also possible for maps in the Cantor locus. Suppose K(f),K(g) are Cantor 
sets and h : X(f) — > X(g) is a holomorphic conjugacy. Then h extends to a homeo- 
morphism h : C — > C. By the main result of |Z], h is quasiconformal. By the main 
result of |YZj . h is affine and so / = g in MPd- 
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Using Lemma 4.2 , we see that ic is a continuous bijection on the shift and Cantor 
loci. The images are Hausdorff, and the domains are locally compact. It follows 
that on each locus, the map 7r is a local homeomorphism and therefore a global 
homeomorphism since 7r is proper. □ 



4.4. Local models and gluing. Fix a polynomial / G M.d and let as usual G 
and uj denote its escape rate function and 1-form. Fix t > and choose real numbers 
0<a<t<6so that each connected component of {a < G < b} defines a local model 
surface with central leaf {G = t}. Let X be a connected component of {da < G < db} 



and let ujx be the restriction of the rescaled 1-form to to X as defined in (4.2) so that 
(X, ujx) forms a local model surface with central leaf at height dt. If we pick a point 
x in the outer annulus of X, we obtain a pointed local model surface (X,x,Ux)- 
Suppose Z is a connected component of the preimage f~ l (X) mapping by degree k 
onto X; it is a connected component of {a < G < b}. If we choose a preimage z of x 
in Z and set fi = (d/k) ojz = k' 1 f*u x , then 

/ : (Z,z,/i) -> (X,x,u x ) 



is a pointed local model map; see Figure 4.1 



In what follows, we repeatedly use the procedure of gluing a local model to a 
polynomial basin. In the setup of the previous paragraph, let now 

V ■ (Y,y,rj) -> (X,x,uj x ) 
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be any pointed local model map of degree k over (X, x, uj x )- The restrictions of p and 
of / to the outer annuli of Y and of Z, respectively, are covering maps of degree k 
onto the outer annulus of X, so there is a unique conformal isomorphism identifying 
these annuli which sends y to z and which identifies their outer boundaries. This 
isomorphism identifies rj and fi, so the Riemann surface {G > t} U Y becomes a 
horizontal translation surface. The original height function G extends down over 
Y to a height function G : {G > t} U Y — > R, and the map f\{G > t} extends 
holomorphically to 

/ : {G > t} U Y -> {G > t} 

so that / agrees with p on Y. We say that / is obtained from / by gluing in the 
local model p at height t. We can repeat this construction for each component Zi of 
{a < G < b}. 

In summary, we note the following. On the one hand, by restriction, any polynomial 
/ determines a collection of pointed local model maps f\ : (Zi,Zi,/ii) — > (Xi,Xi,Ui), 
where u>i = wj,; the collection is indexed by the set of connected components of {G = 
t}. On the other hand, given arbitrary pointed local model maps pi : (Yi,yi,rji) — > 
(Xi,Xi,u>i), we can glue in these local models to obtain a new horizontal translation 
surface {G > t} U (UjYj) and a new map / : {G > t} U (UjYj) — > {G > t} from this 
surface to itself, now defined at all heights above some height s, where s < t. 

Using these ideas, we can deduce that rigidity of the basins in the shift locus also 
implies that the restriction f\{G > t} for any small enough t > uniquely determines 
the polynomial /: 

Lemma 4.5. Let f e and fix t > such that t < min{G/(c) : f'(c) = 0}. If g 
is any polynomial such that (g, {G g > t}) is conformally conjugate to (/, {Gf > t}), 
then g and f are conformally conjugate on C. 

Proof. It suffices to show that the affine conjugacy class of the polynomial / is deter- 
mined by the conformal conjugacy class of the restriction / : {G > t} — > {G > dt}. 
The choice of t guarantees that if a, b are sufficiently close to t and satisfy a < t < b 
then the components of {a < t < b} are mapped under / by degree one onto their 
images. In the terminology of the previous paragraphs, then, there are no choices for 
how to glue in local models. This observation and induction imply that by iterating 
the gluing procedure, there is a unique extension of / : {G > t} — > {G > dt} to a 
Riemann surface / : X — > X which is a proper holomorphic map of degree d. The 
same argument that shows that basins of maps in the shift locus are rigid shows that 
X satisfies the infinite modulus condition and is therefore rigid. Since up to affine 
maps there is a unique embedding of X into C and / : X — > X extends uniquely 
and holomorphically to / : C — > C, the affine conjugacy class of the polynomial / is 
uniquely determined. □ 

Proposition 4.6. The shift locus is dense in Ed- 



20 



LAURA DEMARCO AND KEVIN M. PILGRIM 



Proof. Suppose the polynomial / represents an element of Ed, and let t > 0. For each 
boundary component of {G > t}, glue in a pointed local model map with the special 
property that if the degree of this local model map is k > 1, then all A: — 1 critical 
points are contained in the central leaf. We obtain an extended holomorphic map 

/ : {G > s} -> {G > ds} 

for some s < t which is proper, of degree d, and has the maximum possible number 
d — 1 of critical points, each of which has height at least t. On any l eaf w ith height 
between s and t, the extended map / has degree 1. The proof of Lemma 



4.5 



shows that 

/ extends uniquely first to a map / : X — > X where X is a rigid Riemann surface and 
finally to a polynomial / : C — > C whose affine conjugacy class is uniquely determined. 
By construction, the polynomial / is in the shift locus, and f\{G > t} is conformally 
conjugate to f\{G > t}. Letting t — > 0, one easily checks that / approximates / in 
the Gromov-Hausdorff topology on Ed- □ 



5. Proof that n is monotone 

5.1. The sets B(f,t) and S(f,t). Fix a polynomial / and a positive real number 
t. Let B(f,t) be the collection of all polynomials g in Aid such that g\{G g > t} is 
conformally conjugate to f\{Gf > t}. Let S(f,t) be the polynomials g G B(f,t) such 
that G g > t at all critical points. Note that S(f, t) is contained in the shift locus. 

Recall that M(f) denotes the maximal critical escape rate of /. If t is large enough 
so that t > M(f ), then B(f,t) consists of all polynomials g with t > M(g). In this 
case, S(f,t) is the collection of polynomials g with G g (c) = t at all critical points c 
of g\ that is, all critical points of g escape at the same rate t. In degree 2, for the 
family z 2 + c, we have the following dichotomy: 

• If t < M(f), then B(f,t) = S(f,t) = {/}. 

• If t > M(f), then S(f,t) is the equipotential curve {c : G c (0) = t} around 
the Mandelbrot set, and B(f,t) is the closed ball it bounds. 

In every degree, when / is in the shift locus and t is small enough that t < G(c) for all 
critical points c of /, then B(f,t) = S(f,t) = {/}. The general structure of B(f,t) 
and S(f, t) is somewhat more complicated, but it can be analyzed in terms of spaces 
of local models. 

The following lemma is the key ingredient in the proof that it : Aid Ed is 
monotone. 

Lemma 5.1. For every f G Aid and any t > 0, the set S(f,t) is path-connected. 

Before turning to the details of the proof, we make some preliminary observations 
to keep the main thread of the argument clean. 
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It will be more convenient to work with the set Vd of monic and centered polyno- 
mials, so that each basin of infinity has well-defined external angles. In particular, 
any f EVd fixes exactly d—1 distinct external rays. Let V%° be the set of conformal 
conjugacy classes of monic, centered polynomials restricted to their basins of infinity, 
where now the conjugacy is required to have derivative 1 at infinity. As a set, V™ is 
the set of equivalence class of triples (/, X(f), Of), where Of is one of the d — 1 exter- 
nal rays that are fixed under /, and where two triples (f,X(f),0f), (g,X(g),O g ) are 
equivalent if there is a holomorphic conjugacy from / on X(f) to g on X(g) sending 
Of to g . We equip V^ with the smallest topology such that the natural projection 
V%° — > Ed is continuous. More concretely: an e-conjugacy in this setting has the same 
definition as for the Gromov-Hausdorff topogy in S 4.2[ with the following additional 
requirement. Observe that if 1/t > M(f) then the set {Gf = l/t} H Of is a singleton 
Xf. We require that an e-conjugacy T send Xf to x g , i.e. (xf,x g ) G T. We refer 
to this topology as the Gromov-Hausdorff topology on V™ ■ The arguments showing 
that the projection ir : Aid — > Bd is a homeomorphism on the shift locus (Lemma 



4.4) immediately show that the projection 7r : Vd — ► Vf is also a homeomorphism on 



the corresponding shift locus C Vd equipped with its algebraic topology (from the 
polynomial coefficients) . 

Given an element / in Vd, consider its restriction to {Gf > t}. Define S(f,t) in 
Vd to be the set of polynomials g G Vd with g\{G g > t} conjugate to f\{Gf > t} 
via a conformal isomorphism with derivative 1 at infinity, and such that G g (c) > t 
for all critical points c of g. Then, for each polynomial g G S(f,t), there is a unique 
isomorphism <p g : {G g > t} — > {Gf > t} conjugating g to f and sending the ray of 
angle for g to that of /. It is a straightforward consequence of the definitions that 
the set S(f, t) m aps surjectively onto S(f,t) under the natural projection Vd — > M-d 



So, Lemma 5.1 follows once we establish that the corresponding set S(f,t) in Vd is 



path-connected. This is what we prove below. 



Proof. Fix / G Vd and let t > be arbitrary. Consider now the process of restricting 
/ to heights near t, as described in §4.4[ to define local model maps 

fi '■ (Zi,Zi,fli) — > (Xi, Xi,Ui) 

of degree k i: indexed by the connected components of {Gf = t}. For each g G S(f,t), 
the domains {Gf > t} and {G g > t} are canonically identified via ip g , so we may 
think that the X t belong to {G g > t}. By the definition of the set S(f,t), for each 
component i, the corresponding local model map gi has all ki — 1 critical values 
contained in the central leaf of Xj. We obtain a well-defined map 

C:S{f,t)^\{L k ^\X h x u uj), 
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defined by g \— > (<fc). The right-hand side is compact and path-connected by Lemma 
3.6| The remainder of the proof is devoted to establishing that £ is in fact a homeo- 



morphism. 

It suffices to show that £ is a bijection, and that the inverse C~ x is continuous. 
Surjectivity is clear: if p^ £ for each i, then gluing the Pi to {Gf > t} yields 

a map of a horizontal surface to itself all of whose lower boundary components map 



by degree one. Applying the argument used in the proof of Proposition 4.6| (that 
is, extending and appealing to rigidity and uniformization) shows that the new map 
obtained by gluing extends to a polynomial in S(f,t). 

For injectivity, suppose C(gi) = £{92)- The isomorphisms of pointed local models 
glue to the isomorphism yj" 1 o(p gi from {G gi > t} to {G 92 > £}; therefore above some 
height s < t the polynomials gi,ff2 are conjugate via a conformal isomorphism with 



derivative 1 at infinity. By Lemma 4.5, the polynomials are then affine conjugate on 
C, again via an isomorphism of derivative 1 at infinity. Because they are monic and 
centered, they must be equal. 

It remains to establish continuity. 

Because n : Vd — > is a homeomorphism on the shift locus, it suffices to establish 
continuity of the map Ci : Yl i L l ^~ 1 (X i ,x i ,uj) — > 5 d where the shift locus Sd is 
equipped with the Gromov-Hausdorff topology of VT- The argument is essentially 



the same one given in the proof of Lemma 4.2 showing that w is continuous. 



Fix e, s > such that s < t, and fix g £ S(f, t). We aim to show that the preimage 
of the Gromov-Hausdorff neighborhood U Sj£ (g) is open in Yli L 1 ^' 1 (X i} Xi, Ui) . Take 
n so that s > t/d n . For any tuple (gx, . . . ,g m ) in Y\ i L l ^~ 1 (X i , £j, Uj) which is sent 
to g, and any e' > 0, the gluing construction clearly allows us to choose a neighbor- 
hood of (gi, . . . , g m ) which is sent into a neighborhood U t s, e '(flO °f 9 m &d for some 
5 > 0. The uniquely determined extensions to the next level {G > (t — S)/d} are 
therefore contained in U^s)/d,e'+£'(g)- By induction, the neighborhoods are sent to 
U(t-s)/d n , (n+i)e'(flO- Choose e' < e/(n + l), and we conclude that this neighborhood of 
(<7i, . . . , g m ) in FJ i L^~ 1 (X i , Xi,u>i) is sent into U Sy£ (g). Therefore C\ is continuous. □ 



Remark. An alternative, more intrinsic proof of Lemma 5.1| may be given along the 



following lines. There is a natural Gromov-Hausdorff topology on LM^ _1 (Xj, Xk, oS). 
The surgery constructions in [EMZ| Section 8] are affinely natural. This shows that 
branch values of local model maps can be pushed through zeros of u in X i: and these 
branch values can be pushed so as to coalesce together to a single branch value as in 



the proof of Lemma 2.2 



5.2. Deforming the basin of infinity. In the next lemma, we use a "pushing 
deformation" to show that B(f,t) fl Sd is connected. The construction is similar 
to the pushing deformation of [BDKJ; in their case, they push critical values down 
to smaller heights, while we push critical values up along external rays. Certain 
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deformations require a change in the local topology of the translation structure, like 
moving through a stratum of Bd governed by the multiplicities of zeroes of the 1-form 
u; compare [EMZ, Section 8]. 

Lemma 5.2. For any f G Sd and any t > 0, there is a path from f to S(f,t) 
contained in B(f, t). Further, we may choose the path {fh : s < h < t} so that f = f s 
and fh G S(f, h) for all h. 

Proof. If all critical points of / have height at least t then already / G S(f,t). So 
suppose / has critical points below height t, and let 

< s = min{G(c) : f'(c) = 0} < t 

be the height of the lowest critical point. We will "push" the lowest critical values 
from the level curves {G = ds} up along their external rays in a continuous fashion, 
without changing f\{G > t}, until all critical values have height > dt. 

For each component Li of {G = s}, let ki > 1 be the degree of the restriction of / 
to Lj. Consider the restriction fi of / to a narrow neighborhood Z± of L,. As in §4.4 



setting u>i = u Xi as defined by (4.2) and /ij = k i /*(a?j), we obtain a pointed local 
model map 

fi '■ [Zi, Zi, //j) — > (Xi,Xi,U)i), 

with all ki — 1 critical values contained in the central leaf Lx v 

Suppose first that uj has no zeroes at height ds, so for each i, the base X$ is an 
annulus and there is a unique vertical leaf passing through each of the critical values 
of fi. Let s' be the smallest height with s < s' < t at which uj has zeroes; if no 
such height exists, let s' = t. For each height s < h < s', and for each %, we use 
the construction of ^4.4 to glue in the local model fi to f\{G > h} at height h, so 
that the critical values lie on the same vertical leaf for all h. The extended map 
has degree 1 along each boundary component below height h and therefore extends 
uniquely to a polynomial in S(f, h). For h = s, we recover /. As h increases from s 
to s', we see that this defines a continuous deformation of basins with respect to the 
Gromov-Hausdorff topology, just as in the proof of Lemma 5.1| By Lemma 4.4, it is 



a homeomorphism on the shift locus, so we obtain a continuous path fh G M.d with 
f 8 = f. Furthermore, as h — > s', the path accumulates on S(f, s'). In fact, the path 
converges to a unique element of S(f,s'): the vertical leaf of each critical value is 
constant along the path, so the set of accumulation points is compact, discrete, and 
connected, therefore a singleton. We have thus joined / to an element of S(f, s') by 
a path contained in B(f,t). Either s' = t and we're done, or u had a zero at height 
s' and we begin again (taking s' for the value of s and f s ' for the initial /). 

Now suppose uj has zeroes in X t at height ds. By Lemma [375], each fi is represented 
by a polynomial of degree ki in P^Xi, Xj, uji). When so represented, the surface Xi is 
a subset of the plane. Each critical value v of fi lies on the singular central leaf of Xi 
and lies on one or more external rays. For each critical value v, choose one such ray 
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9 V . Now consider a continuous deformation f i>h , s < h < s + e, of /j = f^ s constructed 
as follows. The critical values move upwards along the chosen external rays such 
that for each parameter h, the height of the critical values increases monotonically 
from ds to dh. Such a deformation exists by the path-lifting property of the map 



associating a polynomial to its critical values; cf. the proof of Lemma |2.2| Let L be 
the leaf containing the critical values of the perturbed map. The restriction of this 
perturbed map, over a narrow foliated annular neighborhood of L, determines a new 
local model of degree ki which can be glued to / at a height h > s. This defines a 
continuous deformation in from / to an element of S(f, h). Note that the base 
of each new local model f^h is an annulus. After this deformation, we then use the 
pushing deformation of the previous paragraph to increase the heights of the critical 
points to the next height at which occur zeroes of to. 

Continuing inductively until all critical values have been pushed up to height dt 
defines a continuous path in the shift locus from / to S(f,t). By construction, the 
path is contained in B(f, t). □ 



Remark. It can be seen from the proof of Lemma |5.2| that the "pushing-up" defor- 
mation is canonical unless the moving critical values encounter zeroes of us. That is, 
the path is uniquely determined except when the lowest critical values are pushed up 
through critical points of / or any of their iterated preimages. Note, however, that 



if a choice is made at height to < t, the path-connectedness of S(f, h) by Lemma 5.1 



implies that different choices can themselves be connected by paths within B(f, t)r\Sd- 

Corollary 5.3. For any f in M. d and t > 0, the intersection of B(f,t) with the shift 
locus Sd is path- connected. In particular, the shift locus is connected. 

Proof. Fix /. It follows immediately from the definition that B(g,t) = B(f,t) if and 
only if g G B(f,t). Similarly, S(f,t) = S(g,t) if and only if g G B(f,t). Thus, we 



may choose any element g G B(f,t) fl Sd and apply Lemma 5.2 to find a path from 
g to S(g,t) = S(f,t) contained in B(g,t) = B(f,t). As S(f,t) is path-connected 
by Lemma 5.1| we conclude B(f,t) fl Sd is path-connected. Since the shift locus is 



an increasing union of sets of the form B(f,t) fl Sd for t > M(f), the shift locus is 
connected. □ 

Recall that a Gromov-Hausdorff basis neighborhood of a polynomial / is denoted 
U tje {f), where l/t > M{f). 

Lemma 5.4. For any f G Aid and t > such that M(f) < 1/dt, we have 

B(f J t) = f)n- 1 U t M)- 

e>0 

Proof. The set B(f,t) is clearly contained in the nested intersection, because a con- 
formal conjugacy to f\{G > t} is an isometry with respect to the metric |u;|. We now 
prove the other inclusion. Any polynomial g in n e >ovr _1 L^ i£ (/) is, on {t < G g < 1/dt}, 
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isometrically conjugate to / on {t < Gf < 1/dt}. The condition on t guarantees that 
higher up on the domains {Gf > 1/dt}, {G g > 1/dt}, the maps / and g are ramified 
only at the point at infinity. It follows that this conjugacy extends uniquely to a iso- 
metric conjugacy between / and g on the unions {t < G g < 00} and {t < Gf < 00}. 
As the metrics \uif\, \u g \ determine the complex structures, g must in fact be confor- 
mally conjugate to f\{G > t}, and therefore in B(f,t). □ 

5.3. Completing the proof that n has connected fibers. Let Ai c i(n) C Aid be 
the polynomials with at least n escaping critical points. Then A4d(d — 1) = Sd is 
the shift locus, M.d(l) = £d is the escape locus, and A^d(O) = Aid- The bifurcation 
locus Biid is the subset of Add consisting of maps / with the following property: when 
suitably parameterized so as to depend on /, the family of iterates of some critical 
point f n (ci(f)),n = 1, 2, 3, . . . fails to form a normal family, i.e. the critical point q 
is active (see [Mc], jDF] ). 

Below, we say that a value t > is generic for / if the grand orbits of the critical 
points do not intersect {Gf = t}. 

Lemma 5.5. For every f and each generic value t such that < t < l/dM(f), the 
set B(f,t) is connected. 

Proof. Fix / and a generic value of < t < l/dM(f). Fix g G B(f, t), and let U £ be 
the connected component of , K~ 1 U t , e {f) containing g . We will show that go can be 



connected by a path in U £ to S(f,t). Because S(f,t) is connected (Lemma 5.1) and 



go is arbitrary, it follows that B(f,t) is contained in U £ . From Lemma 5.4, we have 

£?(/,*) = Pi [4 

£>0 

and therefore B(f,t) is connected. 

If go is structurally stable but not in the shift locus, we begin by taking a small 
perturbation g\ (within U £ ) which has no critical orbit relations in its filled Julia set 
K(gi); in particular, it has no superattracting cycles. We may perform quasiconformal 
deformations on K(g\), leaving unchanged the dynamics on the basin of infinity, which 
limit upon a point g<i G Bif^; indeed, the Teichmuller space of g\ factors as a product, 
so deformations on K(gi) are independent from those of X(gi) |McSj . Because U e is 
open and contains the closure of these deformations of K(gi), there is a path joining 
gi and g 2 contained in U e . 

Suppose g 2 G M.d(n), so it has at least n escaping critical points. The polynomial 
<?2 has an active critical point and M.d{ n ) is open, so there is a polynomial g% in 
U £ nJ\Ad(n + 1). By induction we obtain a path in U £ from g Q to a polynomial g G Sd- 



By Lemma |5.2 we can continue this path to a polynomial g' G S(g,t), so the path 



remains in U, 



e • 



It remains to find a path from g' to S(f,t) contained in U £ . Since t is generic, a 
small neighborhood of the level set {Gf = t} contains no singular leaves. It follows 
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that if £ > is sufficiently small, every polynomial g in Ut >e (f) has the same number 
of connected components of {G g = t}, mapping to {G g = dt} with the same local 
degrees. The path from g to g induces a deformation of the retricted maps from 
g \{G > t} ~ f\{G > t} to g\{G > t}. By our choice of small e > 0, for all 
polynomials along this path, the components of {G = t} can be consistently indexed 
by the components of {Gf = t} and the local degrees of the restrictions remain 



constant. As in §4.4[ choose markings for / which determine a collection of pointed 
local models 

fi '■ (Zi,Zi,fii) — > (Xi,Xi,U)i). 

The markings can be transported along the path to define natural isomorphisms 
between bases (Xi, Xi,Ui) at height dt for all polynomials along the path. In this way, 
the polynomial gf £ S(g,t) also determines local models over the same bases, 

9i ■ (Yi,yi,rn) -> (Xi,Xi,Ui), 

where now each g\ lies in the local model space L^~ 1 (X i} x i ,uj i ). That is, all fc* — 1 
critical values of the local model g\ lie in the central leaf of X{. Following the procedure 
of § |4.4[ we glue the local models g[ to each restricted polynomial along the path from 
g\{G > t} back to go\{G > t}, ending with a polynomial in S(f,t). 

By continuity of the gluing procedure, the gluing determines a path from polyno- 
mial g' to S(f,t). (The continuity argument follows the same line of reasoning as in 



the proof of Lemma 5.1 ) Joining all paths, we have constructed a path from g to 



S(f,t) contained in U e . □ 

Proof of Theorem Continuity and properness of 7r : Aid — ► Bd are included in 
the statement of Lemma [4.2| For each point P = (f,X(f)) in Bd, its fiber is exactly 

^-\p)= n B(f, t )=f]B(f,t), 

generic t>0 t>0 

because the sets B(f, t) are nested and generic t are dense. For generic t small enough, 



the set B(f,t) is connected by Lemma 5.5 therefore 7r l (P) is connected. Finally. 



Lemma |4.4| states that n is a homeomorphism on the shift locus. □ 

Though the fibers of n are connected, our methods do not show that they are path- 
connected. For example, it is not known if the Mandelbrot set is path-connected. 



References 

[AS] L. V. Ahlfors and L. Sario. Riemann surfaces. Princeton Mathematical Series, No. 26. Prince- 
ton University Press, 1960. 

[BDK] P. Blanchard, R. L. Devaney, and L. Keen. The dynamics of complex polynomials and 
automorphisms of the shift. Invent. Math. 104(1991), 545-580. 



POLYNOMIAL BASINS OF INFINITY 



27 



[Br] B. Branner. Cubic polynomials: turning around the connectedness locus. In Topological 
methods in modern mathematics (Stony Brook, NY, 1991), pages 391-427. Publish or Perish, 
Houston, TX, 1993. 

[BH1] B. Branner and J. H. Hubbard. The iteration of cubic polynomials. I. The global topology 

of parameter space. Acta Math. 160(1988), 143-206. 
[BH2] B. Branner and J. H. Hubbard. The iteration of cubic polynomials. II. Patterns and parap- 

atterns. Acta Math. 169(1992), 229-325. 
[Da] R. J. Daverman. Decompositions of manifolds. AMS Chelsea Publishing, Providence, RI, 

2007. Reprint of the 1986 original. 
[DPI] L. DeMarco and K. Pilgrim. Critical heights and the moduli space of polynomials. Preprint, 

2009. 

[DP2] L. DeMarco and K. Pilgrim. Escape combinatorics for polynomial dynamics. Preprint, 2009. 
[DH] A. Douady and J. H. Hubbard. Iteration des polynomes quadratiques complexes. C. R. Acad. 

Sci. Pans Ser. I Math. 294(1982), 123-126. 
[DF] R. Dujardin and C. Favre. Distribution of rational maps with a preperiodic critical point. 

Amer. J. Math. 130(2008), 979-1032. 
[Em] N. D. Emerson. Dynamics of polynomials with disconnected Julia sets. Discrete Contin. Dyn. 

Syst. 9(2003), 801-834. 

[EMZ] A. Eskin, H. Masur, and A. Zorich. Moduli spaces of abelian differentials: the principal 

boundary, counting problems, and the Siegel-Veech constants. Publ. Math. Inst. Hautes 

Etudes Sci. 97(2003), 61-179. 
[GR] R. C. Gunning and H. Rossi. Analytic functions of several complex variables. Prentice-Hall 

Inc., Englewood Cliffs, N.J., 1965. 
[In] H. Inou. Combinatorics and topology of straightening maps II: Discontinuity. Preprint, 2009, 

available at |http: / / arxiv.org /abs/0903.4289. 
[Ki] J. Kiwi. Combinatorial continuity in complex polynomial dynamics. Proc. London Math. 

Soc. (3) 91(2005), 215-248. 
[La] P. Lavaurs. Systemes dynamiques holomorphes: explosion de points periodiques paraboliques. 

Thesis, Orsay, 1989. 

[Mc] C. McMullcn. Complex Dynamics and Renormalization. Annals of Mathematics Studies # 

135, Princeton University Press, Princeton, NJ, 1994. 
[McS] C. T. McMullen and D. P. Sullivan. Quasiconformal homeomorphisms and dynamics. III. 

The Teichmiiller space of a holomorphic dynamical system. Adv. Math. 135(1998), 351-395. 
[Mi] J. Milnor. Dynamics in One Complex Variable, 3rd Edition. Annals of Mathematics Studies 

No. 160, Princeton University Press, Princeton, NJ, 2006. 
[YZ] Y. Yin and Y. Zhai. No invariant line fields on Cantor Julia sets. To appear, Forum Math. 

Available at http://arxiv.org/abs/math/0609255 
[Z] Y. Zhai. Rigidity for rational maps with Cantor Julia sets. Sciences in China, Ser. A, Vol.51, 

No.l, 2008, 79-92. 

Laura G. DeMarco, Department of Mathematics, University of Illinois at 
Chicago, demarco@math.uic.edu 

Kevin M. Pilgrim, Department of Mathematics, Indiana University, 

PILGRIM@INDIANA.EDU 



